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Multivariate Functions 

1.1 Basic definitions: 

1.1.1 Domain of a function: 

Let D be a set of n-tuples of real numbers (T1,), .., a, ). A real valued function, f: D ’ Ris a rule that assigns a real 
number, y= f(), T2, .., Tn) to each element in D. The set D is the function's domain. 
eg. Domain of the function, f(z, y, z) = Ve? + y² + z2 is the entire space of real numbers. Domain of the function, 
g(,y, z) = is all real a,y, z except (z,y, z) = (0,0,0). +z 

1.1.2 Range of function: 

The set of all possible y values taken on by the function f is called the function's range. 
eg. Range of f in the above example is (0, co). Range ofg in the above example is (0, oo). 

Trick question: Which are the independent and dependent variables? 

# 3: Multivariate Functions and Derivatives 

1.1.3 Interior points and Interior of a set: 

1.1.4 Boundary points and Boundary: 

A point (Zo,yo) in a rogion (sct) R in the zy plane (equivalently in space) is an interior point of R if it is the center of a disk 
that lies entirely in R. The set of all interior points is known as the interior of the region, R. 

L5 Open and Closcd regions: 

A point (2o, Wo) is a boundary point of R if every disk centered at (z0, Vo) contains points that lie outside of R as well as 
points in R. The boundary point itself need not belong to R. The set of all boundary points make up the boundary of the 
region. 

A region is open if il consists entirely of interior points. eg. {(z, y)l2? + y< 1}. 
A region is closed if it contains all of its boundary points. eg. {(2,y)l" +y²s1}. 

1.1.6 Bounded and Unbounded regions: 
A region is bounded if it lies inside a disk of fixed radius, else it is unbounded. 

example: The domain of the function f(u, y) = Vu- z is closed and unbounded. The parabola y = z² is the boundary 
of the domain. The points above the parabola make up the domain's interior. 

1.1.7 Level curve, graph, surface, level surface: 
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Sample exercise prolblems: 

The set of noints where a function f has a constant value f(,y) = c is called level curve of f. The set of all points 
(r,U, f(z, y)) in space, for (2,y) in the domain of J, is called the graph of f. The graph of f is also called the sur 
face, z = f(1,y). The set of points (2,y, 2) in space where a function of three independent variables has a constant value 
S(,y, z) = cis called a level surface of f. 
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1. Find the level curve of the function, f -E) that passes through the point (1,2). 

Soln. f(E,y) =R)" a(1,2) ’2= 

Soln. f(I, y, z) 
log 1 = 2 

@(1,2) = =2 ?= ’y= 

2. Find the level surface of the function, f(,y, z) = /- y- log 2 @(3, -1, 1). 
Ve-y- log z @(3, -1,1) w= V-y- log z @(3, -1, 1) w= 

VT -y- log z =2. 
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1.2 Limits and Continuity 

1.2.1 2-path test for (non) cxistence of a limit: 

Reading Assignment: Review definitions and properties from page 917-919, textbook. 

1.2.2 Sample review problenm: 

If a function f(*,y) has different limits along 2 diflerent paths as (z,y) (T0, Yo), then lim(z,u)-(zo, Vo) J(, y) does nol 
exiSt. 

1. Show 

The notion ofpath should be clear in this context. In calculus I, when linits where introduced, the path almost always was on the real line; here since we are 
dealing wih bi-variate (mulivariate) functions, path may imply any eurve on the ry-plane on which the set of points (r, y) may ride upon to approach 
(T0, yo). The inportant thing to know is that only sucha curve may be chosen to ensure that the point (z0, Ua) actually lies on the curve. 

is not continuous at (0,0). 

Note f(z. y) 
ly=mz 

#3: Multivariate Functions and Derivatives 

Soln. : (Book's method) Let us choose a path y = mu and analyze the limit at (0,0). 
2ry 

2 Partial Derivatives 

ly=mT 

f(r.y) = 

2.1.1 Sample Review Problem 

1. Is fzy = fyz always true 

Soln. : (hint) Try 

and usea =b= 0. 

2m Therefore, 
1+m2 

2.1 Euler's Theorem (Mixed Derivatives): 

3.1 Linearization 

changes with m, and hence according to the 2-path test, f(,y) is discontinuous at (0,0). 

Reading Assignment : Review page 924-929 from your textbook 

lim 
(z,y)(o .Vo)along y=mz 

2ay 
c?+y? 

(Alternat ive method) Let us achoose a seqtence {()} that will define our pat. Clearly. {(,)}’ (0,0) 
as k ’ 0. And since f(, t) = for any k, the function sequence (f(, )} ’ Now lets choose a different 
sequence {(,0)} ’ (0,0) as k ’ o. But f(,0) = 0 for any k, and so the function sequencefE,0)} ’ 0 as 
k ’ o. Hence the desired conclusion. 

2. If the limits exist, then is the following always true 

:(z,y) (0,0), 
i (z.y) = (0,0) 

3 Linearization and Differentials 

If f(z,y) and its partial derivatives fz fu, fzy and fyz are defined throughout an open region containing a point (a, b) and are 
all continuous at (a, b), then fey(a, b) = Syz(a, b). 

2m 

No! 

t deaivah'no 
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the ampent line to tha 

lim lim f(T, y) = lim lim f(z,y) 

f(a,y) = il a+y' 0 

Tbtl dehisatie 

pota dehivhv 

if a =y =0 

abes ae allene to chnge. 

The linearization of a function f(z, y) at a point (T0, yo) where f is ifferentiable is the function 

df 

L(r,y) = f(r0, Jo) + J.(z0,0)(* - zo) + S(20, J0) (y - yo) 

dt 
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