PREDICTION AND TIME SERIES MODELLING

6.4.2 Malrix formulation of least squares regression: normal system

We can generalize the model M{x) defined in the previous section to include m model func-
tions A; and model parameters pj, where 7 = 1,2, ..., m. S0 the model now takes the form
Mix) = pAi(x) + pada(x) + - -poAm(x) with A1{x]) = 1, ¥x. ldeally, M{x) would fit the
data perfectly, ie. iy = Mi{x;) whence we would arrive at a simple linear system written in
matrix form as follows.

Ap = q (6.15)
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Here we have used the notation used earlier: A = Ag(x;). These A5 populate the matrix A.
There are n rows in A corresponding to n equations for 1 data points [z, ), i = L2,..n
and m columns corresponding to m model parameters.

However, like we observed in Figure 6.8 it is unlikely for a finite dimensional model to
exactly fit a dataset. Our goal, as always, must be to minimize the two-norm (squared) of
the error vector: ¢ = ||Ap - qf 2, for which we must set the derivatives f}& equal to {1 for all
k= 1,2 .., m following the arguments presented in the previous section. This leads to the

following set of equations.
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where b = 1,2,..,n designates the equation for the K" data point. The system of equations
.17 may be written more compactly in matrix-vector form as follows.

{.n"'u.!.h}p =Alg. (6.18)

Equations E;E]E known as the mormal sysfem whose solution p is the least squares solution
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and if rark(fA} = m, then

AT A s always invertible
and there sxisis a uni

. least squares solution of the
Example: quadratic least squares model normal system 18] ramely,

= {ATA} ATq
Consider the following data from an experiment. Find a quadratic least squares model P ?

that best fits this data.
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Splution: Our objective here is to fit a model M{x) = g + bx + cx*. We will begin by
constructing the entries of the matrix A. A7 = x7 = —1, Az =12 In fact, An = x; and
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 his will be (x 1)*2

I =11 o
1 0 0 1
.ﬂ.,,-3=1‘f{’utall!=1,2,...,n=5.'ﬂmrefm'¢,ﬂ= 1 1 1|andg= 3 |. The
1 2 4 9
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matrix A has rank m = 3 and hence there exists a unique least squares solution p =
0.2256
(ATA) "ATq = | 14571 |. This model and the data are plotted in Figure 6.10
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