Linear Algebra by Amrik Sen

How to construct orthonormal basis vectors?

Let us illustrate this procedure by an example of a vector space V which is a plane. Given that V has a basis
V', and V', which are NOT orthogonal, how do we construct an orthonormal basis?
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Step 1: The first basis vector is easy to construct: © | = W V.
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Step 2: Construct V'l = proj, (V) = (U}, V,) )
Step 3: Construct vy =V, — 7|2| :
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Step 4: Construct ) = ———v
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(1) (1)
Example: Find an orthonormal basis u’;, i, of the subspace V = span( } : g ) of R* with basis
\1) 1)
(1) (1)
S BN e
L L)
(1/2) (—1/2)

121 — 1/2
121 77 1/2
(1/2) \—1/2)

Solution: Using the procedure mentioned above, we arrive at u’; =

Gram-Schmidt orthonormalisation process

Consider the basis V', ..., v, of a subspace V of R". Forj = 2,...,m; we resolve the vector 7]- into its

components parallel and perpendicular to the span of the preceding vectors 71, - ,7j_1 :
V= 7]“ + vjl, with respect to span(V'y, ..., V)
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ls an orthonormal basis of V. Here v = v;— v I= "V, — (up, vyu,—- (Ui, Vi) Uiy
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QR factorization

The Gram-Schmidt process represents a change of basis from the old basis 71, ces 7m to a new
orthonormal basis u', ..., u,, of V. The QR factorization involves a change of basis matrix R such that

—

7)1 . . . vm = 71 . . . 7’% R

I N I
i.,e. M = OR;

where R is an upper triangle matrix with entries:

ra =Vl = ||7jl|| (forj =2,..,m), andr; = (u;, v, (fori<j).
2 2

Example: Find the QR factorization of the matrix M = 1 7
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Solutlon.Q—g 1 2 JandR = :
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