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Question 3

9.

Linear Algebra by Amrik Sen

Definition ( Kernel of T (or equivalently the null space of A. Null(A)) ): The setof all x € R"s.t. T(x) = Ax = 0.

Q) Find a basis of the kernel of A (equivalently, Null(A)) and determine dim(Ker(A)) = dim(null(A)).

Ans) Most importantly K er(A) = Ker(rref(A)) = Ker(B). So we might as well solve for X =

done by considering the augmented matrix B= (B | U) from which we have the following:

Il + 2):1 -+ 0.1:3 -+ 3.174 m- 4.1:5 = U
U.Il + 0,1.'2 -+ .1'3 — 4.1‘4 + 53:5 — G

or equivalently,

X1 == 2.1'2 = 3.1'4+ 41'5
x5 = 4xy — X5

whence X, = @, Xy =p, Xxs=7 aresel arbitrarily. Therefore,

_2a-3f+4y (—2[:: ~3f +4}'] (_2 (.3 [ 4
a 0 | | O 0
X = 43 — 5y = 48 =Sy|=al O |+ 4 |+7|-3]
f f 0 ] 0
4 \ / J \ 0 [ 0 \ 1

| 0 0
The Null(A) is spanned by these basis vectors 01l 1| 4] |-5]anddim(Null(A))=3.
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Question 4

Linear Algebra by Amrik Sen

Definition (Image or range of a matrix/linear transformation):

Im(A) = Im(T) is the span of the column vectors of A.

b %2 2 =F81d1 11111
: , , -1 =2 =1 —1
Q) Find a basis of the image of A = 4 8 5 —-18 9 =14 A A3 Ay Aas| and determine dim(Im(A)).

3 6 1 s —7) \ L 11

Ans) To find the basis of Im(A), we need to identify the redundant columns of A from amongst all the column vectors of A.
By inspection of A, it will be hard to tell which of the columns of A are redundant (linearly dependent on the others).
So we will transform A to B = rref(A).

(1 20 3 -4 FS 10T
0 01 -4
B:'- A — = b b1 b b -
rref(A) 000 0 O 1 by by by bsf.
to 00 0 O S S

The redundant columns of B correspond to the redundant columns of A. The redundant columns of B are also easy to spot:
They are the columns that do not contain a leading 1, namely, b, = 2by, by = 3b; —4b;, and bs = —4b; + 5b;. Thus

the redundant columns of Aare a, = 2a,, ay = 3a; —4a3, and as; = — 4a, + 5a;.And the non-redundant columns of
A are a, and a,, they form a basis of image of A. Therefore, a basis of image of A s

l 2
—1 -1
4 1" 5
3 1

dim(Im(A)) = 2.
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